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AN INFINITE FAMILY OF COUNTEREXAMPLES TO A
CONJECTURE ON POSITIVITY
J. MIQUEL MARTI´NEZ
Abstract. Recently, G. Mason has produced a counterexample of order 128 to a
conjecture in conformal field theory and tensor category theory in [Ma]. Here we
easily produce an infinite family of counterexamples, the smallest of which has order
72.
If G is a finite group and χ ∈ Irr(G) is an irreducible complex character of G, we
denote by ν2(χ) the Frobenius-Schur indicator of χ. The main result of [Ma] is to
produce an example of a finite group G having an irreducible character χ such that
ν2(χ) = 1, and χ
2 contains an irreducible constituent ψ with ν2(ψ) = −1. In this note,
we produce an infinite number of examples.
Let p be an odd prime. It is well known that S = SL2(p) has a unique involution
z =
(
−1 0
0 −1
)
,
which inverts the elements of V . Let V = Cp × Cp be the natural module for S, and
let Q ≤ S be any quaternion subgroup of order 8. Recall that the unique irreducible
character ψ of Q of degree 2 has Frobenius-Schur indicator ν2(ψ) = −1.
Theorem A. Let G = V Q be the semidirect product. Let 1 6= λ ∈ Irr(V ). Then
λG = χ ∈ Irr(G), ν2(χ) = 1 and χ
2 contains ψ.
Proof. Let 1 6= λ ∈ Irr(V ). Notice that λz = λ 6= λ. Hence if the stabilizer Gλ > V
then Qλ > 1 and z ∈ Qλ, which is not possible. Thus λ
G = χ ∈ Irr(G) by Problem 6.1
of [Is].
Now, if g ∈ G then notice that g2 ∈ V if and only if the order of gV divides 2. This
happens if and only if g ∈ H = V 〈z〉. Using that χ(g) = 0 if g 6∈ V we have that
ν2(χ) =
1
|G|
∑
g∈G
χ(g2) =
1
|G|
∑
g∈G,g2∈V
χ(g2) =
1
|G|
∑
g∈H
χ(g2).
If v ∈ V , notice that (vz)2 = 1. Also V = {v2 | v ∈ V }, since V has odd order.
Therefore
ν2(χ) =
1
|G|
(|V |χ(1) + |V |[χV , 1V ]) = 1.
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Finally,
χ2 = ((λG)V λ)
G =
(∑
x∈Q
λxλ
)G
contains (λzλ)G = (1V )
G, which contains ψ and we are done. 
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